Abstract. A software package originally developed for satellite radio tomography is briefly introduced and its use in two-dimensional auroral tomography is described. The method is based on stochastic inversion, i.e. finding the most probable values of the unknown volume emission rates once the optical measurements are made using either a scanning photometer or an auroral camera. A set of simulation results is shown for a different number and separations of optical instruments at ground level. It is observed that arcs with a thickness of a few kilometers and separated by a few tens of kilometers are easily reconstructed. The maximum values of the inversion results, however, are often weaker than in the model. The most obvious reason for this is the grid size, which cannot be much smaller than the arc thickness. The grid necessarily generates a spatial averaging effect broadening the arc crosssections and reducing the peak values. Finally, results from TV-camera observations at Tromsø and Esrange are shown. Although these sites are separated by more than 200 km, arcs close to Tromsø have been successfully reconstructed.
Introduction
The purpose of tomography is to determine the internal structure of an object using 'projections' measured in several directions. The projections are usually line integrals of the space-dependent quantity of interest. For obtaining the spatial structure of this quantity, an inversion problem must be solved. The best-known use of the tomographic methods is in medicine, although various industrial applications are also important (Gordon, 1985) . In geophysics, tomographic methods have been used in studies of the solid earth (Gustavsson et al., 1986; Takauchi and Evans, 1995) , the oceans (Munk and Correspondence to: T. Nygre´n Wunch, 1979) and the ionised component of the atmosphere (e.g. Pryse and Kersley, 1992) . Closely related to ionospheric tomography is auroral tomography: the subject of the present paper.
In ionospheric tomography the total oblique electron content is measured along rays crossing each other in various directions within the ionosphere. This is normally done using radio signals from navigational satellites passing a chain of receivers at ground level. The result of tomographic inversion is a plot of ionospheric electron density in the vertical plane above the receiver chain. The principle of auroral tomography is to measure the auroral brightness in various directions using auroral cameras or scanning photometers, and the result of inversion is a map of volume emission rate in the ionospheric region where the precipitating particles produce both ionisation and auroral light.
Both satellite radio tomography and auroral tomography are developing areas which have not yet been extensively used in geophysical research. During the last few years, research on satellite radio tomography has become more active, but, even now, different inversion methods are still being developed and compared, and results are being checked using independent radar measurements. Studies on auroral tomography are still rare, but it seems reasonable to assume that the interest in this field will rapidly increase in the near future, when its benefits will be convincingly demonstrated to a wider audience. The possibilities for a rapid development are good, because the experience obtained in satellite radio tomography can be used almost directly in auroral tomography. This is because the inversion problems in the two cases are almost identical.
A typical ground-based experimental set-up for auroral tomography is provided by a chain or network of auroral cameras or scanning photometers on the ground. In the case of a single chain of scanning photometers, the set-up limits the method to two-dimensional tomography; but in other cases, three-dimensional tomography can also be tried. Vallance-Jones et al. (1991) had three ground-based scanning photometers for observing the volume emission rates in meridional plane. The inversion results were twodimensional and were verified by a rocket-borne photometer. Aso et al. (1990) and Aso and Ejiri (1992) used auroral camera observations from two sites and were capable of reconstructing three-dimensional auroral structures.
A different experimental method was presented by and , whose instrument was a rocket-borne photometer scanning in the plane of the rocket trajectory. The rocket trajectory crossed an auroral structure and two-dimensional maps of the volume emission rate could be determined. Satellite-borne photometers scanning in the orbital plane can also be used in an analogous way, although the satellites fly above the auroral structures. Results of twodimensional tomographic inversion from such experiments were presented by Solomon et al. (1984 Solomon et al. ( , 1985 .
The most common inversion methods both in satellite radio tomography and auroral tomography are iterative algorithms such as ART and MART (see Censor, 1983) . The application of the iterative algorithms implies the choice of a start distribution and the stop criteria. An alternative approach is stochastic inversion, which gives the result in terms of formally simple matrix operations. Although stochastic inversion does not use any start distribution, it may need some a priori information for obtaining stable and meaningful inversion results. In satellite radio tomography, different methods of stochastic inversion have been presented (Fremouw et al., 1992; Markkanen et al., 1995) .
In the present paper, a software package originally developed for satellite radio tomography is described and applied for auroral tomography. The tomographic method is based on stochastic inversion. A model consisting of a set of auroral arcs is built and simulated observations are used to produce tomographic reconstructions. The number and separation of the optical instruments are varied in order to obtain a picture of the capabilities of different experimental set-ups. Inversion results of auroral TV data from Tromsø, Norway and Esrange, Sweden are also shown. Finally, the need to develop the programme for the purposes of auroral tomography is discussed.
Method
In this paper we consider a set of optical instruments, either scanning photometers or auroral cameras, installed in an approximately meridional chain at ground level. The observational material consists of the auroral brightness as a function of elevation angle in the vertical plane above the chain, and the result of the analysis is a two-dimensional map of the volume emission rate. The applied inversion method and software package is described by Markkanen et al. (1995) , and is only briefly outlined here.
The topic of Markkanen et al. (1995) is satellite radio tomography, and their analysis is based on stochastic inversion. The experimental method is difference Doppler measurement, which gives the phase difference of coherent radio waves at two frequencies. The waves are transmitted by a navigational satellite flying above a chain of receivers placed at ground level. The phase difference is proportional to the oblique ionospheric electron content, i.e. the integral of electron density along the ray from the satellite to a receiver. The result of inversion is electron density in the orbital plane of the satellite.
The above outline of the ionospheric radio tomography experiment is clearly similar to the case of twodimensional auroral tomography. The satellite receivers are replaced by scanning photometers or auroral cameras, and the ray from the satellite to the receiver is replaced by the narrow beam of the photometer or camera pixel. Although the cross-section of the beam increases in proportion to the square of the distance, the light intensity at the instrument, emitted by luminous volume elements within the beam, is inversely proportional to the square of the distance. These two effects cancel, and the result is that when absorption is neglected, the signal of the optical instrument is proportional to the integral of volume emission rate along the beam. Hence the phase difference as a function of elevation angle will be replaced by auroral brightness. In radio tomography the observation at each receiver contains an unknown constant which is equal to the number of full revolutions of the phase difference at the moment when the satellite signal is locked. This corresponds to the offset of an optical instrument.
In the analysis programme the vertical plane is divided into a rectangular grid (in geocentric spherical coordinates), and the electron densities at the grid points as well as the unknown phase constants are the unknown quantities. These will obviously be replaced by the volume emission rates at the grid points. Although the offsets of the optical instruments are usually determined separately, the software package also gives a possibility to do it as a part of the inversion process. Bilinear interpolation inside each mesh of the grid is used in calculating the integrals.
The above procedure leads to a linear relation between the vector of measurements m and the vector of unknowns x, i.e. m"A · x# .
Here A is the 'theory matrix' and is the measurement error. If the error is Gaussian with a covariance matrix , the most probable value of x is
where Q is the Fisher information matrix
Although this algorithm is formally simple, the solution involving the inversion of a big matrix Q is numerically unstable. The instability is seen as vigorous spatial oscillations of the results. Another difficulty is that the observations do not contain measurements from lines close to the horizontal plane, i.e. information on the vertical profile is defective. This can be best understood by considering a fictitious radio-tomography measurement of a horizontally stratified ionosphere (with no horizontal gradients) above a flat earth. In this case changing the altitude of the ionosphere causes no change in the measurements, so that he observations contain no information of the peak height of the profile. The absence of horizontal projections is usually more severe for radio tomography than auroral tomography, because the horizontal gradients in the ionospheric electron density are often weak, whereas the field-aligned auroral luminosity contains strong horizontal gradients and is often only encountered within a limited horizontal region.
A usual way of avoiding numerical instability in matrix inversion is regularisation, which is done by adding small numbers to the diagonal elements of the matrix, i.e. by adding a diagonal regularisation matrix. In the present method, a modified form of regularisation is applied, which, in addition to removing the instability, also provides the analysis software with loose a priori information guiding the solution to a physically reasonable result. In this method the point-to-point steps of electron density or auroral luminosity, both in vertical and horizontal directions, are treated as random variables with zero expectation values. Suitable variances are given for these variables which control the step sizes. If the variance is large, both large and small steps are probable; if the variance is small, large steps are unlikely to happen. This is explained in more detail by Markkanen et al. (1995) ; here it is sufficient to say that the method can be presented in terms of a single non-diagonal regularisation matrix containing the variances of electron density or emissionrate steps in a given grid. The regularisation matrix also contains a possibility to put the inversion result to zero both at the bottom and on the top of the grid. A method closely resembling the present one was suggested by Fehmers (1994) .
A notable property of using horizontal and vertical regularisation is that each point-to-point step is mathematically equivalent to a single measurement. The total number of these 'measurements' and the true measurements is always greater than the number of unknowns in the inversion problem. It is then possible to have dense grids with the number of unknowns exceeding the number of true measurements.
In radio tomography the above regularisation method has been used by selecting a 'regularisation variance profile' with a certain peak value and peak height and thickness. This leads to small variances at high and low altitudes where the electron density is small and no large density steps from one grid point to another are expected. Closer to the peak height where the variances are large, large steps are also possible. In this way the solution is guided towards a general layered shape of the ionosphere, and strong oscillations in the inversion results are also avoided. It is worth emphasising that, although a certain variance profile is used, the resulting electron density does not have the same shape, and even the peak heights of the density and variance profiles are usually different.
Simulation results
A model consisting of three auroral arcs was constructed for simulation purposes. The arcs are field-aligned structures with a dip angle of 78°. The height profile of volume emission rate in each arc is constructed from a Chapman production function, i.e. exp [1!h!exp (!h)], where h is the altitude measured from the height of the maximum and normalised by the scale height. Different scale heights are used below and above the peak so that the topside and bottomside profiles are not made of the same Chapman functions. In order to obtain a steep bottom edge, smaller scale heights are used in the bottomside profile. In the latitudinal direction the arcs have a Gaussian shape.
The model applied in simulations is shown in Fig. 1 : in the left-hand panel in terms of grey scale only, and in the centre panel in terms of a contour plot. It consists of a broad diffuse structure plus two narrow and more Fig. 3 . Tomographic reconstruction of the model using the data in Fig. 2 . The inversion grid is indicated by the tic marks on the top and right-hand side of the panels and the instrument sites by circles on the horizontal axis (the site at 300 km is not shown). The zero contour is dashed and the positive contours are plotted at intervals of 0.2 units. The regularisation variances are constant all over the grid, but the horizontal variances are ten gimes the vertical variances Fig. 2 . Simulated data for the model in Fig. 1 and three instruments at 0, 150 and 300 km. The horizontal axis represents the ground projection of the point where the instrument beam crosses 300-km altitude. The sites of the instruments are shown as dots on the horizontal axis. The data were calculated using an integration step size of 1.5 km, and random noise with a standard deviation of 0.5 units was added to the data. The number of data points for elevation angles higher than 10°was about 350 for each instrument intense arcs at different altitudes (for parameter values see the figure caption). The most intense arc emerges from the diffuse one, and the horizontal separation of the two thin arcs is about 30 km. The thickness of the diffuse arc is of the order of 50 km, and the two thin arcs are 10 and 5 km wide.
The software gives the possibility to use a dense grid in the centre of the figure and a sparser one at the edges. In this way the inversion problem is much smaller than it would be if a high spatial resolution were used all over the vertical plane. In the subsequent simulations the vertical mesh size is 10 km between ground level and 70-km altitude, 5 km from 70-km to 200-km altitude and 12.5 km above 200-km altitude. In the horizontal direction the mesh size at ground level is 2.5 km in the centre of the figure and 6 km in the surrounding regions. The grid is shown by the tic marks on the top and right-hand side of the panel in all subsequent plots showing inversion results. When estimating the results, one should notice that the narrowest arc is not broader than two horizontal mesh lengths.
A set of simulated observations was calculated for various numbers and separations of optical instruments at ground level. The integration step was 1.5 km, i.e. it was always smaller than the mesh size. Figure 2 shows an example of simulated data for three instruments at 0, 150 and 300 km. The horizontal axis is the same as in Fig.  1 and, for the intensity curves, it indicates the ground projection of the point where the beam from the instrument crosses 300-km altitude. Random noise with a standard deviation of 0.5 is added to the data. The number of data points above 10°elevation is about 350 for each instrument. The locations of the instruments are shown as dots on the horizontal axis.
The first inversion result from these data is shown in Fig. 3 in the same format as Fig. 1 . In this inversion the horizontal regularisation variance was ten times the vertical one, but both were constant all over the vertical plane. This choice favours vertical structures, and also means that no a priori information of the vertical profile was used in the inversion.
This result is not able to resolve the two thin arcs, but shows only a single arc emerging from a broader structure. The peak value of the arc is lower than in the model, its vertical extent is larger and the inclination is smaller. The arc structure is also surrounded by regions of slightly negative values of volume emission rate. Nevertheless, the structure lies in a correct location and its horizontal extent is correct. This fact can be used as a guide to an improved inversion. Fig. 4 . Same as Fig. 3 , but the regularisation variances have a bi-Gaussian vertical profile and a Gaussian horizontal profile. The peak of the vertical profile lies at 120 km and the bottom and topside height scales are 40 and 150 km, respectively. The maximum of the horizontal profile is at 100 km and the scale is 30 km The next step is to provide the inversion mechanism with more a priori information. This is done by choosing a vertical regularisation profile. In order to make it differ from the model profile, a bi-Gaussian height dependence was chosen. A peak altitude of 120 km and bottom and topside scales of 40 and 150 km were selected, respectively. In this way the profile roughly covers the height region where auroral emissions are usually expected. In addition, the information obtained in the first inversion was taken into account by including a horizontal variation of the regularisation profile. The profile was weighted in the horizontal direction by a Gaussian factor with centre at 100 km and a horizontal scale of 30 km. In this way the regularisation variances outside the region of the auroral structures will be very small. This will not greatly affect the results, but it reduces the regions of non-physical negative values.
The results of the second inversion are potrayed in Fig.  4 . The two thin arcs are now clearly separated, although they are still weaker and broader than in the model. Unlike in Fig. 3 , the inclination is now correct. The relative altitudes of these arcs are also correct, but they both lie at greater heights than in the model. This difference is not caused by the choice of the regularisation profile, which has its peak at a clearly lower altitude. Negative regions still exist, but they are essentially smaller than in Fig. 3 .
The three instruments in the above example are very far apart. It is obvious that the information for resolving the thin arcs is mainly provided by the middle site, the other two sites mainly contributing to the altitude and vertical profile of the structure. A better horizontal resolution is expected if the instruments are closer to each other and below the auroral structures. Results from such a case are shown in Fig. 5 , where three sites at 50, 100 and 150 km are used. The regularisation is the same as in Fig. 4 .
A considerable improvement is observed in the results. The thin arcs are now well separated, although still broader than in the model, and the broad diffuse arc is rather well reproduced. The main differences are that the most intense arc is too weak and lies at too high an altitude, and the orientation of the second thin arc is slightly too steep. Figure 6 shows results from a set-up which is similar to that in Fig. 5 , but in which the three instruments are moved by 25 km to the right. In this reconstruction the orientation of the arc on the left-hand side is now correct, but the other thin arc is almost vertical and much too broad. These examples indicate that the inversion result is rather sensitive to the locations of the instruments.
In all cases studied above, the separation of the instruments is larger than the distance of the arcs. Results from a case where the opposite is true are shown in Fig. 7 , where five instruments are located at distances of 25 km below the auroral structure. Both thin arcs are now correctly oriented and the left-hand one is very well reproduced. The intensity of the second arc is also much improved, although it is still too low. The most obvious deviation from the model is that a vertical bulge has appeared in the diffuse arc, as if a part of the emission rate belonging to the overlaying thin arc would be distributed in the vertical direction.
Altogether, these simulations demonstrate the possibilities of the auroral tomographic method in reproducing the volume emission rate in auroral structures. The reliability of the results may be limited by the small number of and large distances between the available instruments, as well as the exact location of the auroral arcs with respect to the observation points. It is obvious that a single thin arc is best resolved if one of the instruments lies close to the foot point of the geomagnetic field line of the arc. This fact is also clearly seen in the above examples; in Fig. 5 , for instance, the instrument at 150 km has an almost direct view along the most intense arc, which is reconstructed remarkably well, whereas the second arc has no instruments close to its footpoint and is more poorly reproduced; in Fig. 6 the instruments are shifted, and the relative quality of the two reconstructed arcs is interchanged.
Inversion of auroral camera observations
Because no suitable chain of scanning photometers was available, an effort was made to use auroral TV-camera observations for testing the method with real data. Even in this case the practical limitations were severe; only two cameras separated by about 200 km were on hand. The cameras were located in Tromsø and Esrange in northern Norway and Sweden, respectively. Based on the above simulations it is obvious that only arcs close to one of the sites can be properly resolved with this sort of experimental set-up, and therefore TV frames were selected showing an intense auroral arc in the vicinity of Tromsø.
The southernmost camera at Esrange is pointed to the north with a low elevation angle, and the Tromsø camera is tilted slightly southwards. Hence their common field of view covers a region above and to the south of Tromsø. Because of their low dynamic range (the signal is digitised with 8 bits only), the cameras have an automatic gain control. Therefore, the relative scales of the observations from the two sites vary continuously and there is no method of proper calibration. One might think that this ruins all possibility of using the data in auroral tomography, but, as shown by the results below this is not quite true. The reason is that the imbalance of the two data sets can be compensated for by the appearance of non-physical negative areas outside the arc region. The result is that at least the location of the arc can be determined. Figure 8 contains two sets of observations taken from TV frames at the two sites. The curves are signals from lines passing through the local zenith and the second site. The vertical axis is intensity in arbitrary units, not the same for different sites and times. The horizontal axis is elevation angle with zero value corresponding to horizontal direction to the northern side, 90°to vertical direction and 180°to horizontal direction to the southern side. The Esrange data is taken at elevation angles 6.5°-51.5°and the Tromsø data at angles 71.7°-128.6°.
Both data sets from Esrange offer a side view of an auroral arc as seen from a long distance. The steep growth as a function of increasing elevation angle is associated with the bottomside of an auroral arc, and the subsequent decrease with the diminishing of the auroral luminosity with altitude. Hence these data contain height information for the inversion. Information on horizontal variation of luminosity is provided by the Tromsø data. In both cases a pronounced maximum is visible at elevation angles greater than 100°, i.e. to the south of the observing site. Results of tomographic analysis of the two cases are portrayed in Figs. 9 and 10. In the inversion, the same regularisation profile was used as in the previous simulations, but without horizontal weighting. The dots on the horizontal axis of the left-hand panels show the locations of the cameras, and the straight lines indicate their fields of view.
It is readily seen that the Esrange camera is too strongly titled to the north, so that it does not see the upper part of the arc, and also the common view of the cameras is very narrow. In spite of all these limitations, a clear auroral arc is reconstructed slightly to the south of Tromsø. The location of the arcs is the same in both cases, which are separated only by 20 s in time. The fact that negative regions around the arcs appear is not surprising in view of the above simulations and the uncertainties in the data calibration. The tilt angle of the arcs, as determined from the two results, is 77°-78°, which corresponds well to the local magnetic inclination. The peak altitude of the arc is 140-150 km, i.e. much higher than the peak of the regularisation profile.
In order to test the effect which the uncertainty of the intensity scales may have on the results, several inversions were made by varying the relative scales of the Tromsø and Esrange data sets within wide limits. It turned out that the locations, tilt angles and altitudes of the arcs did not change appreciably; the only variations were in the absolute values of the volume emission rates and the sizes and depths of the negative regions surrounding the arcs. This seems to indicate that, in spite of the defects in the data, the main features of the arcs are correctly reconstructed.
Discussion
The most common inversion methods used in ionospheric or auroral tomography are iterative algorithms such as ART and MART. These algorithms begin from a chosen start distribution and vary it in the direction guided by the observations until either the results no longer change or a least-square minimum is achieved. The iteration works very much on an intuitive level, and, as pointed out by Censor (1983) , it is not well understood how good the results are. It is not necessarily clear whether the iteration converges at all, and if it does, it is not known how close to the convergence limit the iteration has stopped. Furthermore, depending on the start distribution, the iteration may lead to different results which all satisfy the original measurements equally well. It seems probable that the iteration leads to a correct result, if the start profile is close enough to the true distribution. This is especially important in ionospheric tomography, where the horizontal gradients are often small and the measurements contain only little information on the profile shape. Therefore much effort has been put in choosing the start profiles in ionospheric tomography. In auroral tomography the target is usually limited in horizontal direction, and therefore the start profile is probably less important: it seems that the iteration can even be put to start from a constant function (Vallance-Jones et al., 1991) .
Stochastic inversion greatly differs from all iterative methods. The most important difference is that stochastic inversion has a firm mathematical background. Therefore it is well understood what the result actually is: it simply gives the most probable values of the unknowns once the measurements are known and the regularisation is fixed. The effect of measurement errors is also included in the formalism. The result is obtained after a single inversion, and no start profiles or stop criteria are needed, which are essential in iterative methods.
An important part of stochastic inversion is regularisation which prevents non-physical point-to-point oscillations otherwise created by the numerical instability in matrix inversion. In the present method, regularisation is also used in feeding the solver by a priori information on the volume emission rate or electron density. It is essential to understand that the regularisation by no means determines the shape or altitude of the resulting profile. This is clearly observed in Figs. 9 and 10 , where the peaks of the auroral arcs are at 140-150-km altitudes, although the peak height of the regularisation profile is 120 km. Although not always understood by the users, the iterative algorithms also take advantage of a priori information contained in the start profile and stop criteria. The difference is, however, that in stochastic inversion the a priori information has a well-defined role in the formalism, whereas in iterative algorithms its effect is difficult to quantify.
Although stochastic inversion has a more solid theoretical background than various iterative methods, this does not necessarily mean that the latter would give worse results. Depending on the dimensions and location of the target, as well as the selected start distribution, the iterative algorithms may lead to equally good results. Furthermore, if the regularisation variances are not well chosen, the results given by stochastic inversion may even be worse. It would be interesting to make a comparison of the two types of methods using blind tests with simulated data. This would imply cooperation of different tomography groups.
The software used in the present work was originally developed for ionospheric tomography. Therefore the grid is horizontal and the regularisation variances are given for vertical and horizontal steps of the volume emission rate or electron density. The sort of regularisation can be used to make the inversion routine interpret the observations in terms of horizontal or vertical structures. In the present work the vertical variances are smaller than the horizontal ones, and then, if at all possible, the software tries to twist the arcs into a vertical position. This tendency is clearly seen in the above simulation examples. Therefore, although suitable in ionospheric tomography, the regularisation method is less appropriate in studying auroral arcs which are aligned along the geomagnetic field. The most straightforward way of modifying the programme for auroral tomography would be to tilt the grid according to the local inclination. Then one could give smaller regularisation variances in the direction of the arc than in the perpendicular direction, and the solution would favour field-aligned structures instead of vertical ones.
The next task is to modify the analysis programme for auroral work according to the above guideline. A more extensive project would be to include the possibility of three-dimensional tomography. Although there would be no change in the general principles, the part of the package involving the experimental geometry should be completely revised. The inversion problem would be much bigger than in a two-dimensional case of course, and probably such a high spatial resolution could not be used as in the present work.
Altogether, auroral tomography seems to be a very promising new field which has not yet been utilised or developed to its full power. All its benefits will not be obtained merely by the development of inversion methods and analysis programmes, but it is essential that data of good quality be available from a dense enough network of optical instruments.
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